
This article was downloaded by: [University of Haifa Library]
On: 09 August 2012, At: 14:47
Publisher: Taylor & Francis
Informa Ltd Registered in England and Wales Registered Number: 1072954
Registered office: Mortimer House, 37-41 Mortimer Street, London W1T 3JH,
UK

Molecular Crystals and Liquid
Crystals
Publication details, including instructions for
authors and subscription information:
http://www.tandfonline.com/loi/gmcl20

Subharmonic Pattern
Formation in a Nematic Cell
– A 1D Flexoelectric Model
Approach
Jonathan Low a & S. John Hogan a
a Bristol Centre for Applied Nonlinear Mathematics,
Department of Engineering Mathematics, University
of Bristol, Bristol, UK

Version of record first published: 22 Sep 2010

To cite this article: Jonathan Low & S. John Hogan (2007): Subharmonic Pattern
Formation in a Nematic Cell – A 1D Flexoelectric Model Approach, Molecular Crystals
and Liquid Crystals, 478:1, 67/[823]-81/[837]

To link to this article:  http://dx.doi.org/10.1080/15421400701735640

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://www.tandfonline.com/page/terms-
and-conditions

This article may be used for research, teaching, and private study purposes.
Any substantial or systematic reproduction, redistribution, reselling, loan,
sub-licensing, systematic supply, or distribution in any form to anyone is
expressly forbidden.

The publisher does not give any warranty express or implied or make any
representation that the contents will be complete or accurate or up to
date. The accuracy of any instructions, formulae, and drug doses should be

http://www.tandfonline.com/loi/gmcl20
http://dx.doi.org/10.1080/15421400701735640
http://www.tandfonline.com/page/terms-and-conditions
http://www.tandfonline.com/page/terms-and-conditions


independently verified with primary sources. The publisher shall not be liable
for any loss, actions, claims, proceedings, demand, or costs or damages
whatsoever or howsoever caused arising directly or indirectly in connection
with or arising out of the use of this material.

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ity
 o

f 
H

ai
fa

 L
ib

ra
ry

] 
at

 1
4:

47
 0

9 
A

ug
us

t 2
01

2 



Subharmonic Pattern Formation in a Nematic
Cell – A 1D Flexoelectric Model Approach

Jonathan Low
S. John Hogan
Bristol Centre for Applied Nonlinear Mathematics, Department
of Engineering Mathematics, University of Bristol, Bristol, UK

The application of an AC electric field to a nematic liquid crystal cell produces two
distinct instability pattern regimes, conductive or dielectric. Recently, asymmetric
electric field waveforms have been shown to cause a period-doubling subharmonic
bifurcation. We extend these calculations to include flexoelectricity in the one-
dimensional case. We calculate the threshold values for the electric field strength
determining the optimum oblique angle at which the roll patterns form. We find, in
some areas of parameter space, the formation of oblique rolls is favoured over nor-
mal rolls. In addition we find cross-over points from normal to oblique rolls called
Lifshitz points. These have been found in the subharmonic and dielectric regions of
the linear stability diagram.

Keywords: Carr-Helfrich; electrohydrodynamic instability; flexoelectricity; nematic;
pattern formation; subharmonic dynamics

1. INTRODUCTION

Nematic electroconvection is an example of a pattern-forming system
[1] where the influence of an alternating electric field on a liquid crys-
tal cell causes the thread-like molecules to undergo periodic modu-
lation together with ionic charge separation. At a critical electric
field strength, the formation of Williams domains [2] occurs which
is easily observed under a light microscope due to the nematic’s
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birefringent properties. The theory describing this type of dynamics
had been put forward by Carr [3] and Helfrich [4]. This happens for
a nematic with a negative dielectric anisotropic value (Ea < 0) and a
positive conductivity value (ra > 0).

This kind of pattern formation had been studied under static DC
fields [5], whereby a static distortion of the director fields can be
obtained by using a static electric field to the liquid crystal cell, pro-
vided the field strength is above a certain threshold. An introduction
to this can be found in a review by Stephen [6] and by Chandrasekhar
[7]. This DC instability was studied by Raghunathan [8] with the flex-
oeffect. Theoretical and experimental studies then moved on to sys-
tems under AC field excitation. de Gennes [9] from the Orsay group
developed a simple 1D model with AC driving. This was followed by
Langerwall [10] with a detailed analytical treatment with simple AC
square waves. The Orsay group used electric field waveforms in which
the solution propagation could not be expressed analytically. On the
other hand, Langerwall, through a simple symmetric square wave
excitation, made analytical progress in terms of explicit expressions
for the eigenvalues (Floquet multipliers) of the evolution operator or
fundamental matrix to determine the parameter regions where the
two different types of dynamics (conduction or dielectric regimes)
occur. A 3D model was analysed [11], resulting in the possible forma-
tion of roll instability at an oblique angle as opposed to normal rolls in
the previous models. But Madhusudana extended the 1D system to
include flexoelectricity [12], which also resulted in oblique rolls, in
regions of the conductive and dielectric curves. They used the simple
square wave excitation as Langerwall [10], and found that oblique
rolls were the favoured first instability, which explained some obser-
vations that calculated threshold values were not the same as those
obtained in experiment. Such examples of experiments observing the
formation of oblique roll paterns have been done by Joets [13]. A
description of the influence of flexoelectricity on electroconvection
can be found in Chandrasekhar [7].

Usually, the waveforms of these excitation electric fields have been
symmetric. More recently, a new type of patterm regime was discov-
ered using an asymmetric excitation field [14]. Compared to both the
classical conductive and dielectric modes, this ‘subharmonic’ regime
sees both the director and excess charge change sign after one period
of the excitation field. The shape of the electric field waveform is one of
the important conditions for this subharmonic response. John and
Stannarius [14] used an asymmetric piecewise constant field. Later
on, experimental and numerical studies were performed using
variable triangular waveforms for the electric field [15] and then
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further analysis on the existence of subharmonic dynamics in
electroconvection was carried out [16].

The aim of this article is to apply the methodology used by Madhusu-
dana [12] using the same asymmetric piecewise constant field [14] in
order to study the effect of flexoelectricity on the subharmonic pat-
terns. The paper is divided up into three sections. Section 2 contains
the mathematical formulation we will be using and its justification.
In section 3, the results are computed for the 1D model with flexoelec-
tricity for the purpose of determining the threshold values of the elec-
tric field strength at which the system destabilises into roll formation.
In addition, results that have been computed from past work are
shown here. Section 4 contains a summary.

2. MATHEMATICAL FORMULATION

Figure 1 defines the coordinate system for the problem. The Cartesian
axes xyz are related to the boundaries of the liquid crystal cell and the
AC field acts parallel to the z-axis everywhere. We can physically
think of the xy-plane being parallel to the glass plates of a nematic
liquid crystal cell with the origin between the two plates. n represents
the director field which describes the general orientation of the
nematic thread at a given point in space and time. /ðtÞ and WðtÞ are
the angles from the xy-plane and xz-plane respectively which are used

FIGURE 1 Definition of coordinate system used.
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to describe the direction of the director. The flexoeffect will produce
rolls oblique to the x-axis. Hence we rotate the axes through an angle
d about the z-axis to account for this and all expressions will be in rela-
tive to that frame. The horizontal wave vector will be along the axis n.

We give the main equations in component form following Mullin
[17] who also uses the convenient Einstein index notation. The full
non-linear equations are found in the book by Stewart [18] and are
composed of the Ericksen-Leslie dynamic equations together with
Maxwell’s equations. The notation used throughout this paper is the
same as in the book except for the Miesowitz viscosities where we
use the Helfrich notation (g1 and g2 interchange their definitions):

g1 ¼
1

2
ð�a2 þ a4 þ a5Þ

g2 ¼
1

2
ða2 þ 2a3 þ a4 þ a5Þ

where the ai are the Leslie viscosity coefficients.
The Ericksen-Leslie equations describing the motion of the director

and fluid flow are given by:

vp;p ¼ 0 ð2:1Þ

npnp ¼ 1 ð2:2Þ

q
Dvi

Dt
¼ qFi � ðpþwFÞ;i þ ~ggjnj;i þGjnj;i þ ~ttij; j ð2:3Þ

@wF

@ni; j

� �
; j

� @wF

@ni
þ ~ggi þGi ¼ kni ð2:4Þ

where v is the velocity field of the liquid crystal, q is the nematic den-
sity, F is the bulk force per unit mass, p is the pressure, ~gg is a dynamic
term related to torque forces, G is the generalised body force, ~tt is the
stress tensor, k is the Lagrange multiplier arising from the constraint
(2.2) and wF is the Frank-Oseen elastic energy for nematics given by

wF¼
1

2
K1ðr�nÞ2þ

1

2
K2ðn �r�nÞ2þ1

2
K3ðn�r�nÞ2� Ea

8p
ðn �EÞ2�P �E

ð2:5Þ

where the Ki (i ¼ 1, 2, 3) are the Frank elastic coefficients of splay,
twist and bend respectively and E is the applied electric field.
Equation (2.1) is the incompressiblity condition, (2.2) ensures that n

70=[826] J. Low and S. J. Hogan
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remains a unit vector, and Eqs. (2.3) and (2.4) are the equations of
linear and angular momentum respectively. The bulk force due
to the electric effects is given by qFi ¼ qEi where q is the charge
density.

The term P �E is the additional term to account for the flexoeffect
and P has the form:

Pi ¼ e1niðnp;pÞ þ e3nk½ni;k � nk;i� ð2:6Þ

where e1 and e3 are the flexoelectric coefficients. The flexoeffect adds
an extra polarisation term to the electric displacement D and an extra
energy in the Frank elastic energy, which is the P �E term in Eq. (2.5).
This results in new terms involving the flexoelectric coefficients e1 and
e3, which always appear in the combinations (e1 � e3). The physical
interpretation of flexoelectricity is that an internal electric field is
created when a line of nematic threads undergoes a splay or bend
deformation, creating an unequal internal field inside. This is the
extra polarisation that is added into the model. Hence the physical
interpretation of e1 and e3 is the amount of internal field generated
with respect to splay and bend deformation respectively. By
symmetry, no internal field is possible under a twist deformation.
We supplement the Ericksen-Leslie equations with Maxwell’s equa-
tions to fully incorporate the electrical effects into the system. This
includes conservation of charge and current movement. We make
the quasi-static approximation [19] so that the equations become:

Dp;p ¼ 4pq ð2:7Þ

eijk
@Ek

@xj
¼ 0 ð2:8Þ

Dq

Dt
þ Jp;p ¼ 0 ð2:9Þ

together with the relations

Di ¼ Ei jEj þ 4pPi and Ji ¼ rijEj ð2:10Þ

where D is the electric displacement, J is the current density and Eij

and rij are the dielectric and conductivity tensors of the uniaxial
nematic form:

bij ¼ b?dij þ baninj ð2:11Þ

¼ b?dij þ ðbk � b?Þninj ð2:12Þ

Subharmonic Patterns in EHC with Flexoelectricity 71=[827]
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with dij the Kronecker delta and b? and bk are the material
parameters perpendicular and parallel to the nematic thread respect-
ively. Equation (2.8) contains the alternating tensor eijk which takes
the value 1 for even permutations, �1 for odd permutations and 0
otherwise. Equations (2.1–2.4), (2.7–2.9) are the basic equations of
our system. We now proceed to analyse them. The basic null state is
mathematically represented by a uniform homogeneous director
alignment together with no charge, no flow field and current move-
ment acting only perpendicular on the director, namely

n0 ¼ ðnx ¼ 1;ny ¼ 0;nz ¼ 0Þ ð2:13Þ

¼ ðnn ¼ cosðdÞ;ng ¼ sinðdÞ;nz ¼ 0Þ ð2:14Þ

q0 ¼ 0 ð2:15Þ

v0 ¼ 0 ð2:16Þ

E0 ¼ ð0; 0;EðtÞÞ ð2:17Þ

J0 ¼ r?E0ðtÞ ð2:18Þ

where EðtÞ is the applied electric field.
This basic state is then subjected to small perturbations n1, q1, v1

and E1. The director is perturbed at small angles /ðtÞ and WðtÞ. Hence
the director field is linearised as follows:

n1 ¼ ½cosð/ðtÞÞ cosðd� wðtÞÞ;�cosð/ðtÞÞ sinðd� wðtÞÞ; sinð/ðtÞÞ�
� ½cosðdÞ þ sinðdÞWðn; tÞ; cosðdÞWðn; tÞ � sinðdÞ;uðn; tÞ�

using double angle formulae and the fact that /ðtÞ << 1 and WðtÞ << 1.
Normal roll formation is attained for d ¼ 0 in which the x and n axes

coincide, and oblique rolls for d 6¼ 0. The linearised electrohydrody-
namic equations are derived by using the following test mode ansatz
for the perturbation, which will test the basic null state of the liquid
crystal cell against the formation of rolls:-

q1ðn; tÞ ¼ ~qq1ðtÞ cosðkn � nÞ; ð2:19Þ

/ðn; tÞ ¼ ~//ðtÞ cosðkn � nÞ; ð2:20Þ

wðn; tÞ ¼ @/
@n
¼ ~wwðtÞ sinðkn � nÞ; ð2:21Þ

72=[828] J. Low and S. J. Hogan
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Wðn; tÞ ¼ ~WWðtÞ sinðkn � nÞ; ð2:22Þ

Enðn; tÞ ¼ eEEindðtÞ cosðkn � nÞ; ð2:23Þ

vzðn; tÞ ¼ ~vvzðtÞ sinðkn � nÞ; ð2:24Þ

p1ðn; tÞ ¼ ~ppðtÞ sinðkn � nÞ: ð2:25Þ
where kn is the wavenumber in the n direction.

Substituting Eqs. (2.19)–(2.25) into (2.1)–(2.10) we obtain the
following 3� 3 system upon linearisation1:

_qq1
_ww
_WW

0
@

1
Aþ

1

Tq
rHEðtÞ qW

Tq

aEðtÞ K1 � K2E2ðtÞ bEðtÞ
eq

c1

ew

c1

EðtÞ 1

TW

0
BBBB@

1
CCCCA

q1

w
W

0
@

1
A ¼ 0

0
0

0
@

1
A ð2:26Þ

where the coefficients [12,20] in the matrix are constants depending
on the material parameters, wavenumber and the oblique angle d.
Some of the coefficients are explicitly coupled to the electric field
strength E(t) as shown above. The advantage of a constant piecewise
field is that it allows for the analytical calculation of the evolution
matrix and the Floquet multipliers of the system.

3. RESULTS AND CALCULATIONS

3.1. Solution Method

System (2.26) is solved using Floquet theory since the electric field E(t)
is periodic. The waveform of the field is the same asymmetric
piecewise constant field used by John in his work [14] and is shown
in Figure 2.

One calculates, for a given wavenumber kn and oblique roll angle d,
the eigenvalues of the fundamental matrix, consisting of eight matrix
exponentials chained together (one for each piecewise constant section
of E(t)). The basic null state is then stable for all eigenvalues less than
one in modulus. The system bifurcates to a harmonic response if
the largest Floquet multiplier in modulus crosses þ1, and a period-
doubling response occurs if it crosses �1. For material parameters,
we use the published values of MBBA [8,21] for the model with the
symmetric square wave electric field, and Mischung V [14] for the
model with the asymmetric electric field. For material parameters

1Dropping the tildas for convenience.
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not known in Mischung V, ða4 a5 and K2Þ, we approximate a4 using the
tabulated data by Shi et al. [22] and then calculate the theoretical
value for a5 from that, which satisfies the equation for the Miesowitz
viscosity

g1 ¼
1

2
ða4 þ a5 � a2Þ

using the a2 calculated from Stannarius’s c1 and c2 values for
Mischung V. The K2 value was provided by experimental work from
Stannarius (personal communication) based on finding the twist
Freedericksz threshold values. For flexoelectricity, we have taken
the approach of exploring what changes would occur if this effect were
included. Hence, although the real value for Miscung V may be smal-
ler than that for MBBA, we have taken the same values as a ‘first try’.
One can also view this as a way of finding out the difference for any
nematic liquid crystal with similar material property values. The list
of parameters2 used in this article are given in Table 1.

3.2. Wavenumber Selection

There is the issue of mode selection when using the 1D model. This is
certainly a problem in the conduction regime, where kn ¼ 0 gives the
lowest threshold. A physical explanation is found in Langerwall [10].
The approach we decided to take is whenever a wavenumber lower

FIGURE 2 One full period of the waveform E(t). This is composed of a
superposition of two square waves, one with amplitude El at 80 Hz and
another with amplitude Eh at 320 Hz.

2Conversion between SI and cgs units is done using conversion tables found in
Jackson [23] and Stewart [18].

74=[830] J. Low and S. J. Hogan
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than p=d gives a lower threshold, we take the threshold value at
kn ¼ p=d. This is commonly referred to as the Helfrich condition.

3.3. Results and Comments

The results of our numerical calculations are shown in Figures 3 to 10.
Figure 3 shows the classical result of the conductive and dielectric
regimes as the amplitude and frequency of the square wave electric
field are varied3. Both regimes are clearly indicated. The distinct fea-
tures, such as the S-shape curve and the conduction cut-off frequency,
are similar to that of Dubois-Violette [24]. Figure 4 is the result found
by Madhusudana [12] and shows the threshold values when flexoelec-
tricity is added to the model. The dashed lines indicate that, for a non-
zero oblique angle d, a more favourable threshold value is found over
the value for normal roll formation. Again both the conduction and
dielectric regimes are clearly marked. Dashed lines (a) and (b) are
the threshold curves for oblique rolls which are lower than those

TABLE 1 Parameters and Quantities Used in the Calculation of the Stability
Diagram

Quantity
Mischung V values

(cgs units)
MBBA values

(cgs units)

Ek 5.6 4.5
E? 6.0 5.0
Ea ¼ Ek � E? � 0.4 � 0.5
rk 260 s�1 270 s�1

r 1.5 1.5
r? ¼

rk
r

173 1
3 s�1 180 s�1

ra ¼ rk � r? 86 2
3 s�1 90 s�1

g1 4 g cm�1 s�1 1:035 g cm�1 s�1

g2 0:4 g cm�1 s�1 0:238 g cm�1 s�1

c1 3:67 g cm�1 s�1 0:763 g cm�1 s�1

c2 ¼ �c1 �3:67 g cm�1 s�1 �0:788 g cm�1 s�1

a1 0:2 g cm�1 s�1 0:065 g cm�1 s�1

a2 �3:67 g cm�1 s�1 0:775 g cm�1 s�1

a4 1:51 g cm�1 s�1 0:463 g cm�1 s�1

a5 2:82 g cm�1 s�1 0:832 g cm�1 s�1

K1 14:90� 10�7 g cm s�2 6:1� 10�7 g cm s�2

K2 6:48� 10�7 g cm s�2 4:0� 10�7 g cm s�2

K3 13:76� 10�7 g cm s�2 7:3� 10�7 g cm s�2

Cell thickness d 20:2� 10�4 cm 20:2� 10�4 cm
e1 �2:9� 10�4 statcoulombs cm�1 �2:9� 10�4 statcoulombs cm�1

e3 �4:1� 10�4 statcoulombs cm�1 �4:1� 10�4 statcoulombs cm�1

3The 3�3 matrix of coefficients is now reduced to the 2� 2 matrix [10].
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for normal rolls. Line (c) is where higher thresholds are found
compared to those for normal rolls. The points where (a) and (c) cross
the solid line are the Lifshitz points. This curve gives a larger

FIGURE 3 Stability thresholds for square wave excitation (without
flexoelectricity).

FIGURE 4 Stability thresholds for square wave excitation (with flexo-
electricity).

76=[832] J. Low and S. J. Hogan
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conduction regime area than the curve produced by the model without
flexoelectricity. Figure 5 shows the corresponding oblique angle d for
the curves (a), (b) and (c).

The threshold diagram when E(t) is the asymmetric field shown in
Figure 2, using the model without flexoelectricity, is in Figure 6. Here
we fix the frequencies of the excitation as given in Figure 2, plot the
instability boundaries in the ðE1;EhÞ plane, and label the three regions
where the conduction, subharmonic and dielectric solutions occur.
When flexoelectricity is added, the results are shown in Figures 7
and 8. The dashed lines mark the low frequency field amplitude values
where a non-zero oblique angle causes the threshold to be lower than
for normal rolls. Note that the S-shape in the conduction-subharmonic
area is eliminated and covered where the dashed conduction line
meets the black subharmonic line, and the Lifshitz points are present
on the subharmonic and dielectric curves.

Figures 9 and 10 show the dynamics at a threshold point without
and with flexoelectricity respectively, over two periods of the electric
field cycle in the subharmonic regime. The low frequency electric field
chosen was E1 ¼ 77 statvolts=cm. In both figures, the electric field
amplitude has been scaled down by a factor of 220. Both the charge
q1 and director deflection w change signs over one period of the electric
field. The variable W in Figure 10 is virtually zero, whereas q and w

FIGURE 5 Angle of oblique rolls as a function of frequency at stability
threshold for square wave excitation (with flexoelectricity).
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FIGURE 7 Stability thresholds for asymmetric excitation (with flexo-
electricity).

FIGURE 6 Stability thresholds for asymmetric excitation (without
flexoelectricity).

78=[834] J. Low and S. J. Hogan
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reach large values (which challenge the assumption that the system
variables are small). Overall, there appears to be little difference
between the two figures, except that the dynamics for the variables

FIGURE 8 Angle of oblique rolls at stability threshold for asymmetric
excitation (with flexoelectricity).

FIGURE 9 Dynamics over the electric field cycle (without flexoelectricity).
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shown in Figure 7 are happening at an oblique angle d (about 0.25 in
this case) from the horizontal x-axis. Labels (a), (b) and (c) in Figures 7
and 8 are used in the same way as for Figures 4 and 5.

Hence we conclude that the lowering of the threshold values due to
a non-zero d angle is possible where we vary the amplitudes of the two
electric fields. This is due to the flexoelectric contribution that can
alter the point at which the first instability occurs.

4. SUMMARY

We have shown, using a linear stability analysis of the electrohydrody-
namic equations with the flexoeffect in a 1D setting, that the threshold
values where the first instability occurs are lowered further when the
inclusion of an oblique angle parameter d is included in the system,
giving us an extra degree of freedom. The 3� 3 coupled ODE system
is derived from the full hydrodynamic equations with Maxwell’s equa-
tions using a roll ansatz. MATLAB codes were checked by reproducing
published results as shown before. The main conclusion from this
study is the alteration of threshold values due to a non-zero d.

This theory cannot be used to model higher instabilities beyond the
threshold. One needs to go back to the full nonlinear equations and
seek the next stable solution. The next step beyond linear stability is
to examine the non-linear effects [25] or the analytical manipulation
of amplitude equations. This has been extensively researched by

FIGURE 10 Dynamics over the electric field cycle (with flexoelectricity).
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Kramer and others [19,26] before subharmonic dynamics were
discovered in this pattern-forming system.
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